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1. Introduction
It was recently proved1,2 that a quantization with unitary dynamics exists and is
essentially unique, for free scalar fields in every spacetime that is conformal to a
static spacetime with compact spatial sections of dimension no greater than 3, in
the case where the conformal factor is exclusively time dependent.
This applies to the propagation of fields in spatially compact FRW models (and
to the quantization of high frequency modes in open models), but also to a great
variety of physically unrelated cases, including the quantization of purely gravita-
tional degrees of freedom, such as those of the inhomogeneous cosmologies know as
Gowdy models, whose effective dynamics is of the above type.3
This general result has been questioned by a claim that it fails to apply to the
massless scalar field in de Sitter spacetime.4 The massless case is indeed special in
that no well defined de Sitter invariant vacuum exists, i.e. there is no Bunch-Davies
vacuum in the massless case. However, this is no obstruction to the existence of a
well defined quantization with unitary dynamics in this case, in contradiction with
the conclusions of Ref. 4. Following Ref. 5, we present here a Fock quantization
with unitary dynamics for the massless field in de Sitter spacetime. It turns out
that the quantization obtained from our approach is unitarily equivalent to the
O(4)-invariant quantization introduced by Allen and Folacci.6
2. Quantization of the massless scalar field with unitary dynamics
The de Sitter spacetime is the maximally symmetric spacetime of positive constant
curvature. Using conformal time, the metric of spacetime can be written in the form
ds2 = a2(η)[−dη2 + dσ2 + sin2(σ)(dθ2 + sin2(θ)dϕ2)], (1)
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where one recognizes the metric of the static universe R × S3 and the exclusively
time-dependent conformal factor:
a2(η) = 12R−1 sin−2(η), (2)
where R is the curvature of spacetime.
Let us consider the propagation of a free (minimally coupled) massless real scalar
field φ. Using conformal time and introducing the scaled field
χ = a(η)φ, (3)
one arrives at the field equation
χ¨− [∆−1 +Ra2/6]χ = 0, (4)
where ∆ is the Laplace-Beltrami operator on S3 and the dot stands for the derivative
with respect to the conformal time η. Up to a total time derivative, the Lagrangian
density is
L =
1
2
[
(χ˙)
2 − (∇χ)2 + a¨
a
χ2
]
, (5)
to which corresponds the canonical momentum conjugate to χ:
Pχ = χ˙. (6)
Let us now decompose the field χ and the momentum Pχ in terms of the usual
spherical harmonics, to arrive at the Hamiltonian equations of motion for harmonic
modes:
q˙kℓm = pkℓm, p˙kℓm =
[
2 sin−2 η − (k + 1)2] qkℓm. (7)
The general solution to the Hamiltonian equations for the modes can be written in
terms of the associated Legendre functions Pµν and Q
µ
ν , whose properties (including
asymptotic properties) are well known (see Ref. 5 for details). In particular, one can
check that
qkℓm(η) = Akℓm
√
sin ηPµν (− cos η) +Bkℓm
√
sin ηQµν (− cos η), (8)
where Akℓm and Bkℓm are constants, ν = k + 1/2 and µ = 3/2.
To show the existence of a Fock quantization with unitary dynamics, let us
introduce the classical (complex) variables
akℓm =
1√
2ωk
(ωkqkℓm + ipkℓm) , a
∗
kℓm =
1√
2ωk
(ωkqkℓm − ipkℓm) , (9)
where ωk=k + 1.
If it is now declared that the variables akℓm and a
∗
kℓm are to be quantized as
creation and annihilation operators, one is defining a particular Fock quantization
for the system. [In other words, the complex structure J that determines the Fock
quantization is given by J(akℓm) = iakℓm, J(a
∗
kℓm) = −ia∗kℓm.]
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In terms of the variables (9), classical evolution between an initial time η0 and
final time η is of the standard Bogoliubov form(
akℓm(η)
a∗kℓm(η)
)
=
(
αk(η0, η) βk(η0, η)
β∗k(η0, η) α
∗
k(η0, η)
)(
akℓm(η0)
a∗kℓm(η0)
)
, (10)
where the evolution functions αk and βk can be obtained from the solutions (8).
Standard results now tell us that the dynamics is unitarily implementable (in
the above described Fock quantization) if and only if the coefficients βk are square
summable, i.e. if and only if
∞∑
k=0
k∑
ℓ=0
ℓ∑
m=−ℓ
|βk(η0, η)|2 =
∞∑
k=0
(k + 1)2|βk(η0, η)|2 <∞, (11)
where the degeneracy factor (k+1)2 counts the number of degrees of freedom with
the same dynamics.
The fulfillment of this condition depends on the asymptotic behavior of the
coefficients βk(η0, η) for large values of k, which in turn depends on the asymptotics
of the Legendre functions Pµν and Q
µ
ν for large values of ν = k + 1/2. A detailed
analysis carried out in Ref. 5 shows that the asymptotic behavior when k →∞ is:
βk(η0, η) = O
(
k−2
)
, ∀η, η0. (12)
It follows that the summability condition (11) is satisfied for all values of η0 and
η, and therefore the dynamics is unitarily implemented in the considered Fock rep-
resentation. This is in complete agreement with our general results, and explicitly
disproves the claim that one cannot attain (by means of a Fock quantization) quan-
tum unitarity of the evolution for the massless field in de Sitter space.
Crucial in this result is the scaling (3) and the choice of a conjugate momentum
adapted to conformal time, so that (6) is satisfied. In fact, this choice of canonical
pair is the only one which allows for a unitary dynamics.1
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